Cyclic semirings with noncommutative addition: author's abstract of dissertation for the Scientific Degree of Candidate of Physical and Mathematical Sciences: 01.01.06 - Mathematical Logic, Algebra, and Number Theory by Orlova I. V. (Irina Valerievna)
A manuscript
Orlova
Irina Valerievna
CYCLIC SEMIRINGS
WITH NONCOMMUTATIVE ADDITION
01.01.06  Mathematical Logic, Algebra, and Number Theory
AUTHOR'S ABSTRACT OF DISSERTATION
for the Scientiﬁc Degree of Candidate of Physical and Mathematical
Sciences
Kazan  2017
The work was performed at the Department of Fundamental and Computer
Mathematics of Federal State Budget Educational Institution of Higher Education
(FSBEI HE) ¾Vyatka State University¿
Scientiﬁc adviser: Vechtomov Eugene Mikhailovich,
doctor of physical and mathematical sciences, professor,
FSBEI HE ¾Vyatka State
University¿, head of department
Oﬃcial opponents: Kozhukhov Igor Borisovich,
doctor of physical and mathematical sciences, professor,
FSAEI HE ¾National Research
University ¾Moscow Institute of Electronic
Technology¿
Abyzov Adele Nailevich,
candidate of physical and mathematical sciences, senior lecturer,
FSAEI HE KFU ¾Kazan (Volga-region)
Federal University¿
Lead organization: FSBEI HE ¾Moscow State
University named after M. V. Lomonosov¿
Dissertation defense will be held on 2 November 2017 at 14:30 at the meeting
of the Dissertation Council D 212.081.35 of the Federal State Autonomous
Educational Instituton of Higher Education "Kazan (Volga-region) Federal
University"(FSAHI HE KFU) at 420008, Kazan, Kremlyovskaya Street, 35,
Institute of Mathematics and Mechanics named after N. I. Lobachevsky,
auditorium 1011.
The dissertation is available in the library and on the website FSAEI HE KFU,
http://kpfu.ru/
The abstract was sent on ¾ ¿ 2017.
Scientiﬁc Secretary
of the Dissertation Council D 212.081.35
candidate of physical and mathematical
sciences
A. I. Enikeev
General characteristic of the work
The relevance of the topic. The work is a study on the theory of semirings 
one of important branches of modern algebra. The theory of semirings with cyclic
multiplication and noncommutative addition has been developed.
The cyclic structure plays a signiﬁcant role in mathematics and its
applications. Structures of cyclic groups, cyclic (monogenic) semigroups and cyclic
rings are known1,2,3,4. Cycles and cyclic processes are an important part of the
apparatus of discrete mathematics and informatics.
Multiplicatively cyclic semirings as other cyclic algebraic structures are a
natural object to study. These semirings are non-trivial algebraic objects and may
ﬁnd application in cryptography5 like ﬁnite ﬁelds which are a classic subclass of
semirings. In the process of studying cyclic semirings we used a modern computer
technology.
For the ﬁrst time, cyclic semiring with commutative addition was considered
in6 where inﬁnite cyclic semirings with commutative addition were described
(theorem 4) and the problem of description of ﬁnite cyclic semirings with
commutative addition (problem 8) was stated. Finite cyclic semirings with
commutative addition were studied in the works of A. S. Bestuzev7,8,9,10,11,
A. S. Bestuzev and E. M. Vechtomov12,13. The study of cyclic semirings with
1Kargapolov M. I., Merzlyakov Yu. I. Osnovi teorii grupp. Ì.: Nauka, 1982. 288 p.
2Kliﬀord A., Preston G. Algebraiteskaya teoriya polugrupp. V 2 t. T. 1. M.: Mir, 1972. 286 p.
3Liddl R., Niderraiter G. Konetnie polya. V 2 t. T. 1. M.: Mir, 1988. 430 p.
4Vechtomov E.M. O svoystvah polutel // Matematiteskii vestnik pedvuzov Volgo-Vyatskogo regiona:
Periodicheskii sbornik nauchno-metoditeskih rabot. 2001. Vyp. 3. P. 1120.
5Myasnikov A., Shpilrain V., Ushakov A. Non-commutative Cryptography and Complexity of Group-
theoretic Problems. Monograph. Mathematical surveys and monographs, vol.177. Providence: American
Mathematical Society, 2011. 385 p.
6Vechtomov E.M. Vvedenie v polukol'tsa. Kirov: VGPU, 2000. 44 p.
7Bestuzev A. S. O stroenii konechnih ciklicheskih polukolets // Vestnik VyatGGU. Informatika.
Matematika. Yazik. 2010. Vyp. 6. P. 143148.
8Bestuzev A. S. Konechnie idempotentnie ciklicheskie polukol'tsa // Matematichesky vestnik pedvuzov i
universitetov Volgo-Vyatskogo regiona. 2011. Vyp. 13. P. 7178.
9Bestuzev A. S. O stroenii konechnih ciklicheskih polukolets. II // Vestnik VyatGGU. Informatika.
Matematika. Yazik. 2013. Vyp. 7. P. 5557.
10Bestuzev A. S. O stroenii konechnih multiplikativno-ciklicheskih polukolets // Yaroslavsky pedagogitesky
vestnik. 2013. T. III.  2. P. 1418.
11Bestuzev A. S. Neidempotentnie ciklicheskie polukol'tsa // Algebra, teoriya chisel i diskrernaya geometriya:
sovremennie problemi i prilozeniya: Materiali XIII Mezhdunarodnoy conferencii. Tula: TGPU im. L.N. Tolstogo,
2015. P. 145148.
12Bestugev A. S., Vechtomov E.M. Multiplicatevely cyclic semirings // XIII Mezhdunarodnaya nauchnaya
konferenciya im. Akademika M. Kravchuka. Kiev: Nacional'nyi tehnicheskiy universitet Ukraini, 2010. P. 39.
13Bestuzev A. S., Vechtomov E.M. Ciklicheskie polukol'tsa s kommutativnim slozeniem // Vestnik
Syktyvkarskogo universiteta. Ser.1: Matematika. Mehanika. Informatika. 2015. Vyp. 1(20). P. 839.
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noncommutative addition is started in14.
The theory of semirings arose in the 50s of the 20th century. Its rapid
development in the early stages associated with mathematicians A.A. Kosta,
S. Bern, K. Iseki, H. Weinert, G. Lugovski and others. K. Glazek noted in
his review15 that the ﬁrst monographs on the theory of semirings were written
by J. Golan16,17,18, U. Hebisch and H. Weinert19. Currently, the theory of
semirings is actively developing in connection with its successful application
in discrete mathematics, computer algebra, idempotent analysis, the theory of
optimal control and other branches of mathematics 16,17,18, 20. The work of
Glasek14 contains an extensive bibliography and overview on semirings and their
applications in various ﬁelds of mathematics.
First, the notion of semiring (in the broad sense) was given by H. Vandiver21
in 1934. Under a semiring he understood an algebra 〈S,+, ·〉 with two binary
operations addition + and multiplication · if 〈S,+〉 is the semigroup and 〈S, ·〉
is also the semigroup and multiplication is distributive relative to addition from
both sides. Another (narrow) deﬁnition was given by Golan22. This deﬁnition
additionally required commutativity of addition, the existence of the zero
element 0, which is neutral for addition and absorbing under multiplication, and
the existence of the unit element 1, which is neutral for multiplication. We do not
require commutativity of addition and taking into account the preliminary results
the existence of zero 0. Therefore, we use the broad deﬁnition of semiring given
by Vandiver.
The theory of semirings is being extensively studied by E.M. Vechtomov and
students of a scientiﬁc school ¾Functional algebra and the theory of semirings¿
14Lubyagina I. V. O ciklicheskih polukol'tsah s nekommutativnym slozeniem // Trudi Matematiteskogo
centra im. N. I. Lobachevskogo. Kazan: Izdatel'stvo Kazanskogo matematiteskogo obsh'estva, 2010. T. 40.
P. 212215.
15Glazek K. A Short Guide to the Literature on Semirings and Their Applications in Mathematics and
Computer Science. Berlin: Springer, 2002. 400 p.
16Golan J. S. The theory of semirings, with applications to mathematics and theoretical computer science.
Harlow: Longman Scientiﬁc & Technical, 1992. 318 p.
17Golan J. S. Semirings and their applications. Dordrecht: Kluwer Academic Publishers, 1999. 381 p.
18Golan J. S. Semirings and aﬃne equations over them: theory and applications. Dordrecht: Kluwer Academic
Publishers, 2003. 250 p.
19Hebisch U., Weinert H. J. Semirings: àlgebraic theory and applications in computer science // World
Scientiﬁc. Singapure, 1998.
20Maslov V.P., Kolokol'tsov V.N. Idempotentniy analis i ego primenenie v optimal'nom upravlenii. M.:
Nauka, 1994. 142 p.
21Vandiver H. S. Note on a simple type of algebra in which cancellation law of addition does not hold // Bull.
Amer. Math. Soc. 1934. Vol. 40. P. 914920.
22Golan J. S. Semirings and their applications. Dordrecht: Kluwer Academic Publishers, 1999. 381 p.
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under Vechtomov's leadership. Results of their research on the abstract theory of
semirings are reﬂected in dissertations23,24,25,26,27,28,29.
A deﬁnition of a cyclic semiring was introduced by E.M. Vechtomov30.
A semiring S with unit 1 is called a cyclic semiring if there exists a generating
element a such that every nonzero (in the case of the existence of a zero) and not
a unit element from S is a natural degree of the generating element.
Removing the restriction on the commutativity of addition in the additive
semigroup of a cyclic semiring we obtain a large class of algebraic objects
combining cyclic semirings with commutative addition and cyclic semirings with
noncommutative addition studied in this work.
The research object of the study is semirings with additional conditions.
The subject is cyclic semirings with noncommutative addition
The purpose and objectives of the dissertation. The purpose of the
work is studying structure of cyclic semirings with noncommutative addition. To
achieve the purpose we have set and solved the following common tasks:
1. General classiﬁcation of cyclic semirings.
2. Finding properties of operation of addition in cyclic semirings with
noncommutative addition.
3. Describing of ideals and congruences of cyclic semirings.
4. Clarifying the structure of cyclic semirings with idempotent
noncommutative addition.
5. Studying cyclic semirings with nonidempotent noncommutative addition.
6. Finding studied semirings by means of information technologies for
discovering new regularities in semirings.
23Ryattel A.V. Polozhitel'no uporyadotennie polutela: dis. . . . kand. ﬁz.-matem. nauk. Kirov, 2002. 89 s.
24Bogdanov I. I. Polinomial'nie sootnosheniya v polukol'cah: dis. . . . kand. ﬁz.-matem. nauk. Moscow, 2003.
72 s.
25Starostina O.V. Abelevo-regulyarnie polozhitel'nie polukol'ca: dis. . . . kand. ﬁz.-matem. nauk. Kirov,
2007. 90 s.
26Chermnyh V.V. Funkcional'nie predstavleniya polukolec i polumoduley: dis. . . . d-ra ﬁz.-matem. nauk.
Kirov, 2007. 234 s.
27Cheraneva A.V. Yadra i puchki polutel: dis. . . . kand. ﬁz.-matem. nauk. Kirov, 2008. 95 s.
28Petrov A.A. Mul'tiplikativno idempotentnie polukol'ca: dis. . . . kand. ﬁz.-matem. nauk. Kirov, 2015. 104 s.
29Markov R.V. Pirsovskie sloi i cepi polukolec: dis. . . . kand. ﬁz.-matem. nauk. Kirov, 2015. 84 s.
30Vechtomov E.M. Vvedenie v polukol'ca. Kirov: VGPU, 2000. 44 s.
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Research methods. In the work we applied methods and results of the
theory of semigroups, semiring's theory, elementary number's theory, universal
algebra and computer modeling. The methods used to study cyclic semirings
with noncommutative addition diﬀer substantially from methods for investigating
cyclic semirings with commutative addition, in particular, because of the possible
presence a nontrivial cycle in the ﬁrst ones.
Theoretical and practical signiﬁcance. The dissertation is of a theoretical
nature and can serve as a basis for further research in the theory of semirings, and
also ﬁnd application in cryptography. The results of the work can be used in the
educational process when reading special courses for students and postgraduate
students and in student research.
Scientiﬁc novelty. All the main results obtained are new.
Personal contribution of the author. The dissertation reﬂects the author's
personal contribution to the study. The scientiﬁc adviser, Doctor of Physical and
Mathematical Sciences, Professor Vechtomov Evgeny Mikhailovich determined
the research area, set research tasks, carried out general management, provided
methodological assistance, discussed the results and methods for their solution.
Approbation of work. The results were reported at the seminar of the
Department of Algebra and Mathematical Logic of the Kazan (Privolzhsky)
Federal University (2017), at scientiﬁc conferences of Vyatka State (Humanitarian)
University in 2012, 2014 and 2016, regularly in 20102017 at the Scientiﬁc
Algebraic Seminar in Kirov (the heads of the Seminar are Doctors of Physics and
Mathematics, professors, E.M. Vechtomov and V.V. Chermnyh), are approved
at international algebraic and mathematical conferences in Kazan (2010, 2011,
2015), Saratov (2011), Perm (2012), Yekaterinburg (2012, 2013) and Novosibirsk
(2016).
Publications. There are 16 papers on the topic of research (7 articles and 9
abstracts of reports). The list of publications is given at the end of the author's
abstract. 5 publications were written in co-authorship with the scientiﬁc adviser,
E.M. Vechtomov. Three papers are published in peer-reviewed scientiﬁc journals
recommended by the Higher Attestation Commission.
Structure and scope of work. The dissertation includes a table of contents,
an introduction, four chapters divided into 10 paragraphs, a conclusion, a list of
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literature and a subject heading. The full volume of the dissertation is 92 pages.
The list of literature includes 56 items and covers 6 pages.
Content of the work.
The introduction gives an overview of the results of research on cyclic
semirings and brieﬂy summarizes main results of the dissertation.
InChapter 1 we give basic concepts of the theory of semirings and description
of special classes of cyclic semirings: cyclic semirings with zero, cyclic semiﬁelds,
inﬁnite cyclic semirings.
A cyclic semigroup with identity 1 and consisting of k + n elements
1, a, a2, . . . , ak, . . . , ak+n−1, in which ak+n = ak, where k ∈ N0, n ∈ N, will be
called a cyclic semigroup of type (k, n). A semiring S on which the multiplicative
semigroup is a cyclic semigroup of type (k, n) is called a cyclic semiring of
type (k, n). A set {1, a, a2, . . . , ak−1} is called a tail of the semiring S in the
case k > 1, the set C = {ak, ak+1, . . . , ak+n−1} is called its cycle. A semiring
with identity x + x = x is said to be idempotent, otherwise it is said to be
nonidempotent. The operation of addition of a semiring is called left addition
(right addition) if the identity x + y = x (x + y = y) holds in the semiring. If
a semiring is a multiplication group then it is called a semiﬁeld; a commutative
semiﬁeld is called a commutative semiﬁeld.
A cyclic semiring which is a semiﬁeld is called a cyclic semiﬁeld. A semiring
with zero is called zerosumfree if the quasi-identity law x + y = 0 ⇒ x = 0 is
true.
If a generating element a of a cyclic semiring S = (a) is a nilpotent (it means
am = 0 for some m ∈ N) then the semiring S is an additive chain. If a generating
element a of a cyclic semiring S = (a) with zero is not nilpotent and the sum of
some two nonzero elements of S equals 0 then the semiring S is a ﬁnite ﬁeld.
Proposition 1.2.5. Every cyclic semiring S with zero and noncommutative
addition is zerosumfree.
Therefore further, in the work we study cyclic semiring with noncommutative
addition without a zero.
If one of the natural degrees of the element a of a cyclic semiring S = (a)
equals 1 then the semiring S is a cyclic semiﬁeld. Cyclic semiﬁelds are ﬁnite.
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The assertion, that a cyclic semiﬁeld is isomorphic to the direct product of
two cyclic semiﬁelds which have coprime orders m and h the ﬁrst of which has
left addition and the second one has right addition, is a reﬁnement of theorem
Weinert31.
The number of n-element cyclic semiﬁelds up to isomorphism equals 2s, where
s is the amount of prime divisors of number n.
There exist ϕ(n) multiplicative automorphisms of a cyclic semiﬁeld C with n
elements, where ϕ is the Euler function. Any multiplicative automorphism of the
cyclic semiﬁeld C is a semiring automorphism.
Theorem 1.4.1. Inﬁnite cyclic semirings with noncommutative addition
have left or right addition.
In Chapter 2 we investigate properties of ﬁnite cyclic semirings which are
not semiﬁelds.
Theorem 2.1.1. The cycle C of a ﬁnite cyclic semiring S = (a) of type (k, n),
k > 1, is the cyclic semiﬁeld with the generating element anl+1 and the unit anl,
where l =
[
k+n−1
n
]
= 1 +
[
k−1
n
]
.
Because of noncommutative addition in nontrivial ﬁnite semiﬁelds, an addition
in a ﬁnite cyclic semiring S = (a) of type (k, n), where n > 2, is noncommutative.
Therefore, all cyclic semirings with commutative addition are of type (k, 1), where
k > 1.
In a ﬁnite cyclic semiring S = (a) of type (k, n), k > 1 we consider the sum
of the unit 1 of S and the unit e of the cycle of S. Exactly one of the following
conditions holds:
1) 1 + e = 1, e+ 1 = e.
2) 1 + e = e, e+ 1 = 1.
3) 1 + e = e, e+ 1 = e.
4) 1 + e = 1, e+ 1 = 1.
If the condition 1) holds, the addition in the semiring S is left, if the
condition 2) is true, the addition is right. In the case of the condition 4), the
addition in the semiring S is commutative, the semiring S is of type (k, 1), k ∈ N,
and is a semiring with a nilpotent generating element, more exactly a chain.
We showed that ideals of cyclic semirings coincide with ideals of their
multiplicative semigroups.
31Weinert H. J. Zur Theorie der HalbFastkorper // Stud. Sci. Math. Hung., 1981. Vol. 16. P. 201218.
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To study congruences on a cyclic semiring S = (a) we examined the
equivalence relation ρ(t, d), t ∈ N0 and d ∈ N, deﬁned on the S by the formula: for
any r, s ∈ N0 arρ(t, d)as ⇐⇒ (r = s < t or (r > t, s > t and r ≡ s (mod d))).
The congruences on ﬁnite cyclic semirings are congruences of their multiplicative
semigroups and only they. The similar proposition holds for congruences on inﬁnite
cyclic semirings with noncommutative addition. Not all of congruences on the
multiplicative semigroup of an inﬁnite cyclic semiring with commutative addition
are semiring congruences.
In Chapter 3 we have given a description of the structure of ﬁnite cyclic
semirings with idempotent noncommutative addition and a nontrivial cycle ¾by
module¿ of ﬁnite cyclic semirings with idempotent commutative addition.
Theorem 3.1.1. Any idempotent cyclic semiring S = (a) of type (k, 1),
k ∈ N, that is with the absorbing element ak, with noncommutative addition has
either the left or right addition.
We consider the congruence ∼= ρ(k, 1) and the canonical homomorphism
pi : S → S/ ∼ on a cyclic semiring S = (a) of the type (k, n), n > 2. The factor
semiring S/∼ is also ﬁnite idempotent cyclic semiring but with the absorbing
element [ak]∼. By theorem 3.1.1 the addition in the factor semiring S/ ∼ is
either left or right or commutative. If the addition in the factor semiring S/∼
is left (right) then the addition in the semiring S is also left (right).
Theorem 3.2.1. Let the addition in a ﬁnite idempotent cyclic semiring
S = (a) of a type (k, n), k > 1, n > 2, be neither left nor right. Then:
1. 1 + anl = anl + 1 = anl, where l =
[
k+n−1
n
]
;
2. the set T = {1, an, a2n, . . . , anl} is the cyclic subsemiring (in the semiring S)
whith commutative addition and the absorbing element anl;
3. for any r, s ∈ N0, where r − s 6≡ 0 (mod n), the following is true:
ar + as = ar+nl + as+nl ∈ C.
The following theorem proves the existence and uniqueness of a semiring with
the structure described in theorem 3.2.1.
Theorem 3.2.2. Let we have natural numbers k > 1, n > 2. Then
for any idempotent cyclic semiring T = {1, b, b2, . . . , bl}, l =
[
k+n−1
n
]
, with
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commutative addition and the condition 1 + bl = bl and for any cyclic semiﬁeld
C = {1, c, c2, . . . , cn−1} there exists ( up to isomorphism) a unique ﬁnite
idempotent cyclic semiring S = (a) of type (k, n) with noncommutative addition,
which is neither left nor right, such that its subsemiring {1, an, a2n, . . . , aln} is
isomorphic T , and its cycle {ak, ak+1 . . . , ak+n−1} is isomorphic C.
Proposition 3.2.1. The number of idempotent cyclic semirings of type
(k, n), k > 1, n > 2, equals the product of the number of cyclic semiﬁelds of order
n and the number of idempotent cyclic semirings of type (l, 1), l =
[
k+n−1
n
]
, with
commutative addition.
With the help of a program written in the C language, we found the number
of cyclic idempotent semirings of type (l, 1), l 6 10, with commutative addition.
The number of idempotent cyclic semirings of type (k, n) was calculated by
proposition 3.2.1 for some k and n such that nl > k > n(l − 1), l 6 10.
Chapter 4 is devoted to the study of cyclic semirings with nonidempotent
noncommutative addition.
We found the conditions under which nonidempotent cyclic semiring S of type
(k, n), n > 2, with cycle C is reduced to the nonidempotent cyclic semiring S ′ of
type (k, 1) and the cyclic semiﬁeld C ′ of order n so that S/∼ ∼= S ′ and C ∼= C ′.
Theorem 4.1.1. Let we have a natural numbers k and n, n > 2, an
arbitrary nonidempotent cyclic semiring S ′ = {1, a, a2, . . . , ak} with the absorbing
element ak, and some cyclic semiﬁeld C ′ = {e = cn, c, c2, . . . , cn−1} of order n.
The cyclic semiring S = (a) of type (k, n), factor semiring of which S/∼ is
isomorphic to the semiring S ′, and the cycle C of the semiring S is isomorphic
to the semiﬁeld C ′, exists then and only then when in the S ′ for any 0 6 r < k,
0 6 s < k and 1 6 t < k the following condition holds:
ar + as = at, where r = hi1 +mj1, s = hi2 +mj2,
t ≡ hi1 +mj2(modn), t > max{r, s}
and m = |C ′ + e|, h = |e+ C ′|, i1, j1, j2, j2 ∈ Z.
To ﬁnd the nonidempotent cyclic semirings of small order we wrote a program
in C language.
Table 4.1  The number of nonidempotent cyclic semirings of type (k, 1)
with commutative and noncommutative addition
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k The number of semirings
3 4
4 12
5 30
6 90
7 270
8 927
k The number of semirings
3 4
4 28
5 190
6 1402
7 11926
8 117490
In section 4.2 we study nonidempotent cyclic semirings with noncommutative
addition and short tail (k 6 n). To ﬁnd the rules of addition in such semirings
the exponent z of the generating element a of a cyclic semiring S = (a), where
0 6 z 6 k + n− 1, we presented with the following formulas:
z = hi1 +mj1, where 1 6 mj1 6 n, (1)
z = hi2 +mj2, where 1 6 hi2 6 n (2)
for i1, i2, j1, j2 ∈ Z.
Theorem 4.2.1. If a nonidempotent cyclic semiring S = (a) of type (k, n),
where k 6 n, has a noncommutative addition, the cycle C is isomorphic to the
direct product of the subsemiﬁelds C+e and e+C of orders m and h respectively,
then we have the following equalities:
1. 1+ az =
amj1+n, if mj1 − hi1 < k,amj1(I) or amj1+n(II), if mj1 − hi1 > k, where z satisﬁes (1).
2. az + 1 =
ahi2+n, if hi2 −mj2 < k,ahi2(I) or ahi2+n(II), if hi2 −mj2 > k. where z satisﬁes (2).
Using the conditions from theorem 4.2.1, we wrote a program in C language,
which lets us from known numbers m, h and k, where (m,h) = 1, ﬁnd all the
semirings S = (a) of type (k, n), when n = m · h. The number of matching
nonidempotent cyclic semirings with noncommutative addition and short tail are
shown in table 4.7.
Any ﬁnite multiplicative cyclic semigroup can be ¾turned¿ into a
nonidempotent cyclic semiring with noncommutative addition.
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Table 4.7 - The number of nonidempotent cyclic semirings of type (k, n)
with noncommutative addition and k 6 n.
Theorem 4.2.2. Let we have a cyclic semigroup S = (a) of type (k, n),
n > 2. Then for any natural numbers m, h and l, such that m ·h = n, (m,h) = 1
and l =
[
k+n−1
n
]
, there exists nonidempotent noncommutative addition on S,
determined by the following equalities:
1. 1 + az = amj1+nl, where z satisﬁes (1),
2. az + 1 = ahi2+nl, where z satisﬁes (2),
that turns S into a cyclic semiring.
Addition on a cyclic semigroup S = (a) of type (k, n), deﬁned by
theorem 4.2.2, is reduced to the addition in the cycle of the semigroup in the
following way (for any r, s ∈ N0 and l ∈ N, nl > k):
ar + as = ar+nl + as+nl,
and it's called winding.
Theorem 4.2.3. In a nonidempotent cyclic semiring S = (a) of type (k, n),
where k 6 n, with noncommutative addition, the sum of any three elements lies
in the cycle C.
The sum of two arbitrary elements of a nonidempotent cyclic semiring S = (a)
of type (k, n), where k 6 n, with noncommutative addition, may be not lie in the
cycle C of the semiring S.
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We formulate the ﬁnal result of the dissertation (theorem 4.2.4).
Let S = (a) is a cyclic semigroup of type (k, n), where k 6 n, with the
operation of addition sequentially speciﬁed by rules (1) and (2) of theorem 4.2.1
and by the rule (for any r and s: 0 6 r 6 k + n− 1, 0 6 s 6 k + n− 1):
ar + as =
ar(1 + as−r) when r 6 s,as(ar−s + 1) when r > s.
In order for S to be a semiring it is necessary and suﬃcient that the following
conditions hold (for any r, s ∈ N0):
(a) (ar + 1 ∈ C, 1 + as 6∈ C)⇒ ar + (1 + as) ∈ C,
(b) (ar + 1 6∈ C, 1 + as ∈ C)⇒ (ar + 1) + as ∈ C,
(c) 1 + ar ∈ C ⇒ 1 + (ar + as) ∈ C,
(d) 1 + ar 6∈ C ⇒ (1 + ar) + as ∈ C,
(e) as + 1 ∈ C ⇒ (ar + as) + 1 ∈ C,
(f) as + 1 6∈ C ⇒ ar + (as + 1) ∈ C.
The main results of the dissertation
The following results stated in the dissertation can be considered as main:
• We distinguished special classes of cyclic semirings and received a general
classiﬁcation of cyclic semirings which do not belong to special classes.
• We proved that the addition in inﬁnite cyclic semirings with
noncommutative addition and in idempotent cyclic semirings with
noncommutative addition and an absorbing element is either the left or
right.
• We described ideals and congruences of cyclic semirings.
• Idempotent cyclic semirings with a noncommutative addition and a
nontrivial cycle are reduced to idempotent cyclic semirings with a
commutative addition and cyclic semiﬁelds.
• We obtained the criterion by which a nonidempotent cyclic semiring with a
noncommutative addition is reduced to the nonidempotent cyclic semiring
with the absorbong element and the cyclic semiﬁeld.
• We shown that any ﬁnite multiplicative cyclic semigroup can be turned into
the nonidempotent cyclic semiring with noncommutative addition.
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• We found structural properties of nonidempotent cyclic semirings with
noncommutative addition and a short tail, that is, when k 6 n, in particular:
we proved that the sum of any three elements of a cyclic semiring lies in the
cycle of the semiring; we found necessary and suﬃcient conditions for the
addition in a nonidempotent cyclic semiring with noncommutative addition
and a short tail.
For the further study it remains to determine the structure of nonidempotent
cyclic semirings of type (k, n) with noncommutative addition and a long tail, that
is, when k > n.
The author is deeply grateful to the supervisor, professor Evgeniy Mikhailovich
Vechtomov, for formulation of the problems, permanent attention to the work and
full support.
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